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GROUPS OF DIFFEOMORPHISMS AND THEIR SUBGROUPS

BY
HIDEKI OMORI

ABSTRACT. This paper has two purposes. The first is to prove the existence of a
normal coordinate with respect to a connection defined on the group of diffeomorphisms
of a closed manifold, relating to an elliptic complex. The second is to prove a Frobenius
theorem with respect to a right invariant distribution defined on the group of diffeomor-
phisms of a closed manifold, relating to an elliptic complex. Consequently, the group of all
volume preserving diffeomorphisms and the group of all symplectic diffeomorphisms are
Fréchet Lie groups.

Introduction. Although it is well known that the group D of the smooth
diffeomorphisms of a compact manifold M is a so-called Fréchet Lie group [2],
[4], [7], the category of Fréchet Lie groups seems to be still too huge to treat and
get some useful results. Compared with Hilbert Lie groups, Fréchet Lie groups
have not so nice a property. This is mainly because the implicit function theorem
or Frobenius theorem does not necessarily hold in the category of Fréchet
manifolds.

On the other hand, if an infinite dimensional Hilbert Lie group acts effectively
and transitively on a finite dimensional manifold, then the manifold seems to be
much restricted and so does the action itself. The reason is the following:

Suppose we have a Hilbert Lie group G acting effectively and transitively on a
one dimensional manifold M. Let g be the Lie algebra of G. For any v € g, this
defines a smooth vector field on M. So g can be regarded as a subalgebra of the
smooth vector fields on M. Fix a point x, € M. Letg,,n =20, 1,2, ..., denote
the subalgebra which consists of all v € g such that the derivatives of v at x,
vanish up to order n. Then, by the effectivity of G, we have M g, = {0}. Therefore,
g can be regarded as a subalgebra of the formal power series G at x,. Let
i 1 g — 9 be the inclusion. Of course, 3 itself is a Lie algebra and each element
f of 3 has the expression f = 3 a,x" 3/9x. Suppose i(g) contains x 3/9x, x29/3x
and x3 3/0x. Then, i(g) must contain all of x" 9/9x because

29 sl]= 49 [2i n_]= — )+l O
["ax’xax *ox and " ax (n 2)x+8x'

Let e, = i~!(x" 9/9x). Then, [e,,e,] = (n — 1)e,. This is impossible, because the
bracket operation [ , ]g X g — g is bounded. So if there exists such an example,
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this must be very special from the point of view of G-structures.

In this reason, it seems better to consider the category which lies between
Fréchet Lie groups and Hilbert Lie groups. As a matter of fact, these groups D
have a little nicer property, which is an analogue with the Sobolev chain in
function spaces. Namely, let I'(1,,) be the space of the smooth functions of a
compact smooth manifold M. Then I'(1,,) is a Fréchet space and leads a Sobolev
chain {I'*(1y)}, s > 0, where I'*(1,) is a Hilbert space obtained by the comple-
tion of I'(1,,) in the Lj-norm, that is, the norm involving the integral of squares
of all derivatives up to order s. I'(1) is the inverse limit of the system {T"*(1,,)}.
Similarly, by assuming M is closed (compact without boundary), the connected
component D, of D in C®-topology has the following properties:

(1) D, is a Fréchet Lie group.

(2) There exists a system {D}, s > dim M + 5, of smooth Hilbert manifolds
each of which is a topological group and Dy is the inverse limit of {1} (cf. [2],
(7], 9D

However, the group operations are not so simple. For instance the multiplica-
tion (g, h) — gh in D, can only be extended to the C/-map of D X D into D
for any / > 0 and the inversion g — g~! in D, can only be extended to the C’-
map of D§*’ into Dy for any / > 0. These are never C'*!-maps. On the other
hand, the right translation R, : Dy — 2 is smooth for any g € 1.

Now, similar to the Sobolev embedding theorem in function spaces, D is
contained in the group of C:* diffeomorphisms with C*~% uniform topology
and the inclusion is continuous, where ko = [} dim M] + 1. Therefore the
following subgroups are well defined:

(a) Suppose M is oriented. Let u be a smooth volume element of M.

Dy={(p € Dpig*u=p), s>dimM+5
(b) Assume M is even dimensional and has a symplectic form w.
D, = {p € Dp; @*w = w}.

According to Ebin and Marsden [2], these two groups satisfy the following:

(A) D, and D, are topological groups and smooth Hilbert manifolds for any
s > dim M + 5, and the group operations enjoy the same smoothness properties as
those of Dy (cf. [2, Theorem 4.2)).

Remark. In their paper, the condition for s is s > 1 dim M + 1. In this paper,
s is always provided > dim M + 5, because the author wants to use the
inequalitites established in [9]. Similar results are given in [10] by using a more
general method.

Moreover, they defined a C* right-invariant connection on 2, and obtained
the following results (B) and (C) by investigating the exponential mapping Exp
with respect to this connection:
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(B) Let x(t) be a geodesic in D>, starting at the identity e. Then, putting
u, = dRy}x(1), u, satisfies the equation

0)) @799, + V, u, = grad p,, divu, =0,

where p, is an arbitrary function and V is a connection on M defined by a smooth
riemannian metric on M. Conversely, if u, is a solution of (1), then the equation

) (d/dn)x(f) = dR, u(t)

has a unique solution such that x(0) = e (the identity) and then x(t) is a geodesic of
D, starting at e.

(C) For each s, there exists a neighborhood W* of 0 in the tangent space of D, at
e such that Exp is a smooth diffeomorphism of W* onto an open neighborhood of e.

Of course this property (C) is easy to prove after establishing the smoothness
of the connection. Together with this and (B), we can easily obtain the covering
theorem ([2, p. 151]).

However, there is no relation between W**! and W"*, as far as concerning with
W? in (C). So, N W* might be a single point. Therefore, Exp might not give a
coordinate for D, = MND;. The same sort of difficulty occurs in using the
implicit function theorem. Therefore, in [2] it remains open whether D, is a
Fréchet Lie group or not. The first purpose of this paper is to strengthen such
weak points and to make D, a Fréchet Lie group. Namely, the following theorem
will be proved in this paper:

Theorem A. There exists a connection V on D, satisfying the following:

(@) V can be extended to the C* right-invariant connection on 5% for any
s >dm M+ 7.

(b) Dy, is a totally geodesic submanifold of D>y.

(c) This extended connection coincides to that of Ebin and Marsden [2), if we
restrict this connection to D,.

(d) Let Exp be the exponential mapping at e and T'°(Ty,) the tangent space of D}
at e. Then there exists an open neighborhood V* of 0 in T* (T;,), k, = dim M + 7,
such that Exp is a smooth diffeomorphism of V¥ N T*(T,,) onto an open neighbor-
hood (Exp V¥) N Df of e for any s > k.

The property (d) implies the regularity of geodesics, that is, if a geodesic x(f) in
D satisfies d/dt|,_ox(t) € T°(Ty), then x(r) € D} as far as x(¢) is defined as a
curve in Df'. Moreover, this property (d) shows that if a geodesic x(¢) in Df'
satisfies x(ty), x(tp + 8) € Dy for sufficiently small § and for some ¢, then x(¢)
is contained in Dy. Since D, is totally geodesic, (d) also shows that D, is a
Fréchet manifold and hence a Fréchet Lie group. Therefore, D, is a strong ILH-
Lie group in the sense of [17].
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The proof of this theorem will be given in a fairly general manner and as a
result, the group D, is completely involved in that argument. So D,, is also a
strong ILH-Lie group. Specifically, D, is a Fréchet Lie group.

Now, to treat the groups D, and D, at the same time, we consider the
following things: Suppose M is oriented. Let £ and F be smooth finite
dimensional vector bundles over M and 7, the tangent bundle of M. Let I'(E),
I'(7},) and I'(F) denote the space of smooth sections of E, T,, and F respectively.
Assume M has a smooth riemannian metric and E, F have smooth riemannian
inner products. As usual, we define an inner product <, ), on I'(E), I'(T;,) or I'(F)
by

©) Quy v, = 20 [, <v'u, vy,

where V is the riemannian connection on E, T, or F, u a volume element and
<, is the inner product of T} ® E, T} ® T, or T} ® F. In fact Vu can be
regarded as a section of one of the above vector bundles. Denote by I'*(E) (resp.
I'*(T), T’ (F)) the completion of I'(E) (resp. I'(T};), T'(¥)) under the norm |[u||,
defined by |ju|? = <{u,u),.

Suppose 4 : I'(E) - I'(Ty,) and B : I'(Ty,) — I'(F) are differential operators of
order r such that (i) B4 = 0, (ii)) A and B have smooth coefficients and (iii)
AA* + B*B : I'(T,) - I'(1},) is an elliptic differential operator, where A* and
B* are formal adjoint operators of 4 and B respectively. Since M is closed and
oriented, we have the following splitting by the same method as the de Rham-
Kodaira decomposition theorem:

(%) I'y))=F®FK,®&H I"(}))=F ®FK ®H, s>0, where F
= AL(E), F* = AT**"(E), F, = B*I\(F), F; = B*T**'(F) and H is the kernel of the
elliptic operator AA* + B*B.

Therefore H is a finite dimensional subspace of I'(7;,) and actually H
= Ker A* n Ker B. Moreover, F’ is a closed subspace of I'*(7,,). (This splitting
theorem is not difficult to prove. See Lemma 6 of [10] for a precise proof.)

Define a projection 7 of I'(7y,) onto F, in accordance with this splitting. Then,
this 7 can be extended to the projection of I'*(7y,) onto F’ for any s > 0. Let V
be the riemannian connection defined on M. Consider a bilinear form & : I'(7,,)
X I'(Tyy) - I'(Ty,) defined by

4) a(u,v) = aV,av + (1 — m)V,(1 — 7).

This bilinear form defines a right-invariant connection V on 2. (See also §3 for
a precise definition, because V is given, in fact, by a somewhat different manner.)
Since D, is a Fréchet Lie group, V is a smooth connection on 2. Furthermore,
V has the following property:

Theorem B. (i) V can be extended to the smooth right invariant connection of
for any s > dim M + 2r + 5. (ii) Let Exp be the exponential mapping at e defined
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by this connection V. Then, there exists an open neighborhood V* of 0 in Tk (T;,),
k, = dim M + 2r + 5, such that Exp is a smooth diffeomorphism of V¥ 0 T°(T,,)
onto an open neighborhood (Exp V%) N D} for any s > k.

Consider subbundles F;’ and (F’ @ H)~ defined by £’ = {dR, F’; g € ¥},
(' ® H)Y = (dR,(F ® H);g € Dyg}. In general, such bundles are not contin-
uous subbundles of the tangent bundle of D). However, in this case, £ and
(F° @ H)~ are smooth right-invariant subbundles. (Cf. Lemma 3 and Corollary
3 of [10]. See also §3 in this paper for a precise statement.) Moreover, we have
the following

Theorem C. F5* and (F* ® H)™ are smooth right-invariant subbundles which are
invariant by the parallel displacement defined by V.

Assume that F; @ H is a subalgebra of I'(7),), that is, Ker{B : I'(T;) — I'(F)}
is a subalgebra. Then, it is not hard to verify that (F’ ® H)™ is a smooth
involutive distribution on 1. (Cf. Proposition A in [10] for a proof. See also §4 in
this paper for a simple proof.) Therefore, by the Frobenius theorem in Hilbert
manifolds, there exists a unique maximal integral submanifold G° through the
identity. Each G* is a smooth Hilbert manifold and a topological group and
satisfies the same smoothness property as those of 1. (See §3 in this paper for
the precise statements.)

Theorem D. Suppose F, ©® H is a subalgebra of I'(Ty,). Then there exists a
neighborhood W* of 0 in FX* @ H such that W C Vk N (F& © H) and Exp
is a C* diffeomorphism of Wk N (F © H) onto an open neighborhood (Exp Wk)
N G* of e for any s > k;, where V% is the same neighborhood as in Theorem B and
ky = dim M + 2r + 5. Consequently, G = (N G° is a Fréchet manifold and hence a
Fréchet Lie group.

Theorem B(i), Theorems C and D will be proved in §4, providing Theorem
B(ii). An essential part among Theorems A-D is of course Theorem B(ii). This
will be proved in §6.

To apply these Theorems B-D to our groups D, and D, we have to take
N? T% (resp. 1y,) as E and 1, (resp. A2 T}) as F, where A? T} is the exterior
product of the cotangent bundle T3 and 1, is the trivial bundle M X R.
Differential operators A, B are the following:

In case of D, : Bu = div u = 8iu, where i is the natural identification of T,
with T}, through the riemannian metric on M and § is the formal adjoint
operator of the exterior derivative d. Av = i~'dv.

In case of D, : Bu=d(w Ju) and Av = 'dv, where J is the usual inner
product and j : Ty — T3, is the mapping defined by ju = w J u. The nondegen-
eracy of w shows that j is an isomorphism.

Theorem D implies that the exponential mapping defined by V gives a fairly
good coordinate at the identity. However, this coordinate is not convenient to
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consider the factor set G\Dy. Theorems A-D do not imply G\D, is a Fréchet
manifold, even if G is a closed subgroup. To consider factor sets, we have to
establish the Frobenius theorem in the group D,. The second purpose of this
paper is to prove the Frobenius theorem under a suitable condition.

Suppose 4 : I'(T,) — I'(E) and B : I'(E) — I'(F) are differential operators of
order r with smooth coefficients such that (i) BA = 0, (ii)) A4* + B*B : I'(E)
— I'(E) is an elliptic operator, where 4*, B* are formal adjoint operators of A4
and B respectively. (Compare these conditions with that of (%).) Let g
= Ker{4;I'(Tyy) - I'(E)}, ¢° = Ker{4; I*(Tyy) —» I'*""(E)}, m = A*I'(EF) and m’
= A*T**"(E). Then, by a similar argument as in (%), we have

(% %) m and m® are closed in I'(7;,) and T*(T;,) respectively, and I'(T;)
=g ® mI*(Ty) =g¢° D m'.

Consider a subbundle 3° defined by §* = {dR,a°; g € Dy}. This becomes a
right-invariant smooth distribution of j. (Cf. Lemma 3 and Corollary 3 of [10].
See also §3 in this paper for precise statements.) Suppose g is a subalgebra of
I'(Ty). Then §° is a smooth involutive distribution on Dy for s > dim M + 3r
+ 5. (Cf. Proposition A in [10]. See also §4 in this paper.) Therefore, by the
Frobenius theorem in Hilbert manifolds, there exists a unique maximal integral
submanifold G° through the identity. Each G° is a smooth Hilbert manifold and
a topological group. Group operations satisfy the same smoothness property as
those of 1. (See §3 in this paper for the precise statements.)

Theorem E (Frobenius theorem). There exists an open neighborhood U* of 0 in
Tk (T,), ky=dim M + 3r + 5, and a mapping ¥ : U — D such that (i)
Y(Uk N (g° + u)) is an integral submanifold of §° through Y(u) for any u
€ Uk N m’, and (ii) ¥ is a smooth diffeomorphism of U* N T'*(Ty) onto an open
neighborhood ¥ (U*') N DY of the identity for any s > k.

The mapping V¥ is given in the same manner as in the Frobenius theorem in
Hilbert manifolds. Therefore the essential part of this theorem is the second part,
that is, the property (ii). The difficulty in proving this is very similar to that of
Theorem B(ii). The basic ideas how to manage these difficulties will be given in
the next section.

Theorem F. Suppose G* (k > k,) is closed in D§. Then, there exists an open
neighborhood V* of 0 in T*(T,,) such that the mapping ¥ : G° X V¥ 0 m* — D
defined by V(g,u) = g¥(u) is a homeomorphism of G* X V¥ N m’® onto a right-
invariant neighborhood ¥(G* X V¥ n mk) N D of G° for any s > k.

This theorem shows that there exists a nice local cross section for the family
{G,;8 € Dy} of integral submanifolds and consequently the factor set G\'D, is a
Fréchet manifold. To apply these Theorems E-F to our groups D, and D,, we
have to take 1, (resp. A2 T%) as E and O (resp. A} T%) as F respectively.
Differential operators A, B are given as follows:



GROUPS OF DIFFEOMORPHISMS AND THEIR SUBGROUPS 91

In case of D, : Au = divu, B=0.

In case of D,, : Au =dw Ju), Bv = dv.

Let g, = {u € I(Ty);divu =0}, g, ={u € I'(T);d(w J u) = 0}. Then, by
Theorem D or E, there exist the maximal integral submanifolds !b; and D, of
d, and g, through e respectively for s > dim M + 8. However, Theorems B-F
do not imply that D}, = D} or D}, = D,. As a matter of course, Theorem D or
E implies that D}, C D and D, C D},. Moreover, if ¢(f) is a smooth curve in
D% such that ¢(0) = e and c(f) € D, or D, for any ¢, then o(f) C D or D},
respectively. This is because D, D], are integral submanifolds. On the other
hand, we have known the following by using the implicit function theorem [2]:

(a) D, is a smooth Hilbert manifold and connected. (The connectedness of D, is
given by Theorem 2.18 in [7].)

(b) D3, is a smooth Hilbert manifold.

Therefore, we have %f‘ =D, and D¢, = the connected component of ;,
containing the identity. Thus, N fb; =D, and N D¢, = the connected compo-
nent of D, containing the identity. Since ﬂ%f, and N'D, are Fréchet Lie
groups, so also D, and D,, are.

A nontrivial problem occurs in case of strictly contact transformation groups.
In this case, we can also prove that there exists the maximal integral submanifold
of the distribution defined by the infinitesimal strictly contact transformations by
assuming some natural conditions. However, in this case the author could not
prove the implicit function theorem. So he does not know whether this integral
submanifold coincides with the connected component of the contact transforma-
tions or not. This sort of problem also occurs in case that w is not a closed form
(cf. [10, 2°]). These problems will be treated in the future.

1. Basic ideas.

(a) Theorem B(ii). Let {E¥}, k € N (the nonnegative integers), be a system of
separable Hilbert spaces such that (i) E¥*! ¢ E* and the inclusion is bounded,
(i) putting E = N E*, E is dense in every E*. E is a Fréchet space by defining
the inverse limit topology on it. Roughly speaking many local problems of D,
can be translated to that on an open subset U of E such that U is the intersection
of E and an open subset U of E° by considering a coordinate expression. Of
course, we have to put E¥ = Tk+ki (), etc. in this case, where k, = dim M + 2r
+ 5 or sometimes k, = dim M + 3r + 5.

Assume for simplicity that U is an open neighborhood of 0 € E°. A
connection V on U N E in the sense of Fréchet manifolds is called an
ILH-connection, if V can be extended to the smooth connection on a Hilbert
manifold U N E* for each k € N. Since U N E is an open subset of linear
space, V defines an E-valued bilinear form T by the following:

(5) L(u,v) =Y atx,
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where u, v on the right-hand side are identified with vector fields obtained by the
parallel translation using the linear structure of E. This bilinear form I} (u,v)
corresponds to T} in the finite dimensional case. Since V is an ILH-connection,
the bilinear form T’ can be extended to the smooth E*-valued bilinear form of
U N E*. As a matter of course, the equation of geodesics is given by

x"(0) + Ly (xX'(0), x'(1)) = 0.

Therefore, if x(7) is geodesic in U N E*, thenitissoin U N E¥ for any k' < k.
Now, assume the following inequalities (I) and (II): Let || ||, be the norm of E*,
that is, ||u|? = {u,u), using the inner product of E*.

TG )l < Clllullellully + Nullolivlle} + C* llxllellull vl
vty Wlh-rs - & 21,

where C is a constant which does not depend on & and y, is a positive coefficients
polynomial.
Let dT,(w)(u, v) be the derivative of I" at x evaluated by w, namely,

@

lim murxw(u, v) — T,(uv) — dT,(w)(u, v)] = 0
for each k.

1T W), V)lke < CP{llule llvlo Iwllo + llaellgllvlle [1wllp + [laellp llwllo 1w/l }
vkl ulle— Vb Wy, & 21,

where C is the same constant as in (I) and y;, is a positive continuous function of
l|x|l- Yx» Yk may depend on k. The constants C? used in (I) or (II) are only for
convenience of notations. They can be replaced by some other constants as far
as they do not depend on k.

Now, let Exp be the exponential mapping at the origin 0. Since V is an ILH-
connection, for each k, there is an open neighborhood W* such that Exp is a
smooth diffeomorphism of W* onto an open neighborhood Exp W* of 0 in E*.
In general, we cannot get any relation between W* and W**! from the
assumption that V is ILH. However, by virtue of inequalities (I) and (II), we have
the following theorem. This was the main theorem of [8]:

an

Theorem (regularity of connections). Suppose an ILH-connection V on U N E
satisfies the inequalities (1) and (II). Let V be an open neighborhood of 0 in E° on
which the exponential mapping Exp can be defined. Then, this mapping can be also
defined on V N E* as the exponential mapping with respect to the extended
connection V on U N E*. Moreoever, there exists an open neighborhood V of 0 in
E® such that (a) Exp(V N E*) = (Exp V) N E¥, (b) putting V* = (Exp V) N E*,
the exponential mapping is a smooth diffeomorphism of V. N E* onto V.
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Therefore, to prove Theorem B(ii), it is enough to prove the inequalities (I) and
(II) in a coordinate expression of the connection V defined by (4). This will be
proved in §6. All others in Theorems A-D will be proved in §4 providing
Theorem B(ii).

The above theorem was proved in [8] in the following manner: It is easy to see
that there exists an open neighborhood V of 0 in E° on which Exp is defined (cf.
[1]). At first, we have to prove the regularity of geodesics (cf. §0). For the proof of
this, we need only the inequality (I) and moreover the constant C may depend
on k. The regularity of geodesics implies Exp(V n E*) c (Exp V) n E*. Ob-
viously, there exists an open neighborhood ¥ of 0 in E° such that Exp: V
— Exp V is diffeomorphic, and we may assume that V is a star-shaped
neighborhood of 0. Secondly, we have to prove the openness of the exponential
mapping Exp : V N E* — (Exp V) N E*. This was done by proving that the
derivative d Exp, at u is isomorphic for every u € V n E*. This implies that
Exp is a diffeomorphism of ¥ N E* onto an open neighborhood of 0 in
(Exp V) n E*. However, this does not imply Exp(V N E*) = (Exp V) N E* in
general. So thirdly, we have to prove the closedness of the image Exp(V N E¥) in
(Exp V) N E*. Since the connectedness of V implies (Exp V) N E* is connected
for any k, these three parts complete the proof. To prove these three parts, we
had to establish some comparison theorems. For details, see the previous paper
[8]. The basic idea of proving the inequalities (I) and (II) will be given in §2.

(b) Theorem E (Frobenius theorem). As in (a), we start with a system
(E,E¥;k € N}. First of all, we assume the following splitting: E=S ® T,
Ek = Sk @ Tk, where S, T are closed subspaces of E and S* (resp. T*) is the
closure of S (resp. T) in E¥. Let U be an open neighborhood of 0 in E°. We may
assume without loss of generality that there exist open neighborhoods V, W of 0
in 8%, T° respectively such that U = V @ W (direct product). Assume further-
more that there exists a mapping ® of (U n E) XS into T satisfying the
following:

(i) ®(0,v) = 0 and ® can be extended to the smooth mapping of (U N E¥)
X Sk into T* for each k € MN.

(1) ®(u,v) is linear with respect to the second variable v.

(i) Putting Df = {(v, ®(u,v));v € Sk}, DF is a closed subspace of E* for each
u € UnN E*¥ and D¥ = {Dk;u € U N E*} gives a smooth involutive distribu-
tion on U N E*.

Roughly speaking, the local problem about the Frobenius theorem begins with
setting this situation. Of course, there are several problems in changing “distribu-
tions” to the above local shape. However, different from the case of Banach
manifolds, such setting of problems does not necessarily imply existence of
integral manifolds. (See [5] to know what are the difficulties in proving the
Frobenius theorem.) The difficulties in this case are similar to those in (a).



94 HIDEKI OMORI

However, this case is much simpler, because the equation is order 1, that s,
differential operator of order 1.
Anyway, we assume the following inequality (I'):

@) 120l < Ce{llulollvll + N1ulllivlo} + vellulb-Dolk-1, & > 1,

where C, is a constant which may or may not depend on k and vy, is a positive
continuous function.
Now as in [1, p. 305] consider the following equation:

() (@/dy(1) = ®(1x + y(1), x),

where x € V' N S, y(t) € W N T. By the above property (i), this equation can
be regarded as that on U N E* for any k € N. Assume for a moment that
xeVnNnS“and y0) e WN Tk (resp. x €V N S, y0) € WN T). Then
for any s satisfying s < k (resp. s < o), there exists 7, > 0 such that y(r),
0 < 1t < t,, is the solution of (6) with the initial condition y(0) and contained in
W N T*. Assume ¢, is the maximal number in such ¢,. By the property (i) again,
it is easy to see that ¢, < ¢,_,. However, we cannot conclude ¢, = ,_, in general
without the inequality (I').

Lemma 1 (regularity of solutions). Ler x € V N S, y(0) € W N T* (resp.
x € VN S, y0) € Wn T). Assume y(2) is a solution of (6) in W with the initial
condition y(0). Then y(t) is contained in W N T* (resp. W n T).

Proof. Assume ¢, =...=1t,_; > t,. Then, obviously y(t,) € W N T°, while
»(t,) € W T If ||p(@)|, is bounded in ¢ € [0,¢,), then so is ||(d/df)y(D),
also because of the equation (6) and (I'). Hence lim,_,, y(f) exists in W n T°.
Therefore, we can extend the solution beyond #,. This is contradiction. Thus,
ly(@)|l, is unbounded. Let z(f) = tx + y(f). Obviously, ||z(?)|?, ¢t € [0,¢,), is
unbounded.

On the other hand,

@/dn)llzOIE < 20z {12, 2, + [1xIl}-

Since ||z(t)||,_, is bounded in [0, ] and x is fixed, the inequality (I") implies that
there exist constants C’ and K such that

@dp||z)l; < Cllz@OIF + K|z,

This shows that ||z(¢)||? is bounded in [0, ,), contradicting the above argument.
Therefore ¢, = t,_;. Q.E.D.
By considering the equation

@/dyy(1 — ) = ®((1 — Hx + y(1 — 1), —x),
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we have the following

Corollary 1. Let y(f) be a solution of (6) in W. Assume x € V N S* and
y() € WN Tk (resp. x € VNS, y(1) € W T). Then, y(t) is contained in
W N Tk (resp. W N T).

Now, by the Frobenius theorem Hilbert manifolds [1], there exist open star-
shaped neighborhoods V|, W, of 0 in V, W respectively and a smooth diffeomor-
phism ¥ of ¥] X W, onto an open neighborhood of 0 in ¥ X W such that ¥(¥;,w)
is an integral manifold of the involutive distribution D° through w. This mapping
¥ is given in the following manner: Let y(x,y, ) be the solution of (6) with the
initial condition y. Then ¥ is given by ¥(x,y) = (x,y(x,, 1)). Therefore, by
Lemma 1, ¥ can be defined as a mapping of V] N S*X W; n T* into U n E*
and this is smooth for every k. Obviously, ¥ : ¥y N SKX W, N T* > U N E*
is injective, and Corollary 1 shows that ¥(}] n Sk, W, n T*) = V(I , W)
N E*.

Proposition 1. ¥ is a smooth diffeomorphism of Vi N Sk X W, N T* onto
YK, Wy) N E*.

Proof. It is enough to prove that the derivative d¥, , at (x,y) is an
isomorphism of E* onto itself. Since d¥, , is injective, we have only to prove
surjectivity. The derivative is given by

ay, =<' ; ; )
DT \d Py G2V

where d,y, ) is the derivative of y at (x,y, 1) with respect to the ith variable,
i = 1, 2. Therefore, we have only to show that 4,y ,,, is surjective.
Put z(¢) = 4,y ,, 2. Then z(?) satisfies the equation

M (@/d)z(t) = dy Py, ) (2(D), X),

where d, ®,(v',v) is the derivative of ® with respect to the first variable at u, that
is,

lim W«lT 1D + u',v) — B(u,v) — dy B, V), = 0.
Since (7) is a linear equation and x, y are fixed, for any given z(1) we can find a
solution z(¢). Put z = z(0). Then, z(1) = &,y z. Thus d¥, , is an isomor-
phism. Q.E.D.

(c) Distributions defined by kernel of operations. The assumptions which are
imposed on @ in the previous section (b) are fairly strong. So it is hard to apply
Proposition 1 directly. Here a sufficient condition will be given under which the
conditions (i)(iii) in (b) are satisfied. Let F be another Fréchet space satisfying
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the same properties (i), (i) as E in the first part of (a). Let U’ be an open
neighborhood of 0 in E®. Assume there is a mapping L : U’ N EXE > F
satisfying the following:

(1) L can be extended to the smooth mapping of U’ N E* X E* into F*,
k> 0.

(2) L(u,v) is linear with respect to the second variable and putting L,v
= L(u,v), Ly : E¥ — F* is surjective for any k.

(3) Ker{L, : E*x — F¥*} gives a smooth involutive distribution of U’ N E* for
each k and S* = Ker{L, : E¥ — F*}, where S* is the same space as in (b) (that
is, we assume the splitting property E =S @ T, EX = Sk @ T¥*).

Notice that u — L, is also a smooth mapping of U’ N E* into L(E*, F¥).
More generally, if a mapping ¢ : U¥ X E¥ — F* is a C!-mapping and linear with
respect to the second variable, then ¢, defined by @,v = @(u,v), is a C'"!-
mapping with respect to u. Namely u — ¢, is a C'~!-mapping of U* into
L(E, F*).

If @ is C°-mapping, then ¥ — g, is not necessarily continuous. However, since
@ is continuous at (u,0), this mapping is locally bounded, namely, there exist a
neighborhood W of u in U* and a constant K such that ||, v|, < K]||v||, for any
weWw.

Anyway, many distributions are given locally by such way. However, these
properties (1)-(3) do not necessarily imply the existence of ® satisfying (i)—(iii) in
(b). So, we assume the following conditions:

Denote by L, the restriction of L, on T*. By property (3), L, : T — F* is an
isomorphism for every k.

@) ILovlk > Clivlle = ellvle-r» k> 1,

ILuswt = Lyvlle < C{lIwlollvlle + 1wl lIllo}
+ Velllwlle 1Wlh-Dllvlbe-1s & > 1,

ar)

where C, C are constants which are independent from k, y, is a constant
depending on k and ¥, is a nonnegative continuous function such that ¥,(* ,0)
=0

Let U be an open connected neighborhood of 0 in U’ such that U
C {x € U’;|lxly < C/2C}. Then, for any u € U N E,

IZuvlle > NLovlk = IILuv = Lovll,
> (C/D)|lvll = Cllullellvllo = Vellulle-)lolle-1»

where v, is a positive continuous function. Assume furthermore that L, : T°
— FO is an isomorphism for any u € U.
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Lemma 2. For any u € U N E*, the mapping L, : T* — F* is an isomorphism.
Especially L, : E¥ — F* is surjective for any u € U N E*.

Proof. Assume that L, : T* — F* is isomorphic for any u € U N E°* and
s < k—1. Let Wk be the subset of U N E* such that L,: Tk - Fk is
isomorphic for u € W*. W* is an open subset. By the above inequality I, T* is
a closed subspace of F* for any u € U N E*. L,: T > F* is of course
injective, because L, : T® — F° is injective.

Let u be a boundary point of W* and u, a sequence in W* which converges
to u in E*. Take an element w & L, T*. Then for any n, there is v, € T* such
that L, v, = w. Thus

Wl > (C/D)lvalle = Clltnll1vmllo = Vet =112 ey

By the assumption, ||,||_, is bounded, because v, = L;'w in F¥!. Therefore
lv, |l is bounded. So by the inequality (I1”), we have

ILuvn = Ly valle < Clllu = syl llvalle + [l = w4l 10 o}

+ Ve (lulles 14 = 4 lle-)Nn lles -

Hence, lim,_,,, L,v, = w in E*. Since L, T* is closed, we have w € L, T*. This
is a contradiction. Therefore L, is isomorphic, so that Wk = U N E*, because
U N E* is connected. The desired result is obtained by induction.

Let G, : F¥ — T* be the inverse of L, : Tk — F* foru € U n E*. Then, for
anyw € E¥,w — G,L,wis contained in Ker{L, : E¥ — F*}. Itis easy to see that
w—-G,L,w;w € E*} = {v — G,L,v;v € S¥}. On the other hand, w = G,L,w
+Ww-G,L,w)and T* N {w — G,L,w;w € E¥} = {0}. Thus, we have

Ker{L, : E¥ > F¥} = (v — G,L,v;v € S¥}.

Since L, : T°® — F° is isomorphic by assumption, so is G,. Assume furthermore
that ||G,L,vlly < Gollvlly for any u € U and for some constant C,. This
assumption is satisfied if we take U very small in U'.

Lemma 3. Put ®(u,v) = —G,L,v for any u € U N E*, v € S*. Then, there is
a constant C' independent from k such that

1@, o)k < C{lullllvlo + Nulollvlie} + vellwlbeNYll-r»
where vy, is a positive continuous function.

Proof. By the inequality just above Lemma 2,

(C/DIGLyvlk < NILvlk + Cllull G, Luvll + Yie(llulb-i)| Gy LVl -



98 HIDEKI OMORI

Since Lov =0 for any v € S*, ||[L,v — L v|=|L,v|l. On the other hand,
|G, L,vlly < Gollvlly by assumption. Therefore, there exists C” independent from
k such that

(CE/DNG Lyl < C{llullellvlo + Nullollelle} + YieCll#lle-N Gy Ly V- -

The desired inequality is obtained by induction. Q.E.D.

Since G, : T¥ —» F* can be extended to an isomorphism of T* onto F* for
each s < k, G, can be defined as an isomorphism of T onto F, if u € U N E.
Therefore, ® can be regarded as a map of U N E X S into T which can be
extended to the smooth mapping of U N E* X S* into T* for each k € N.

2. Some remarks on elliptic operators. As we see in (a) and (c) in the previous
section, the independency of constants C, C, etc. from k is very important in this
paper. The Frobenius theorem or the regularity of connections which will be
proved by using this fact is much clearer and stronger than the theorems
corresponding to those in case of Fréchet manifolds, because in this case the
neighborhoods are not only those in Fréchet manifolds but also those given by
the intersection of neighborhoods of smooth Hilbert manifolds in the Sobolev
chain (cf. §0) and the Fréchet manifolds which are obtained by the inverse limit.

Such independency of C, C from k is fairly difficult to prove in general, but
several inequalities which involve constants not depending on k have already
been proved in [9), [10]. These will be illustrated in §5. Here, first of all, another
kind of inequality relating (I”) in (c) will be proved.

Let E be a finite dimensional smooth vector bundle over a closed, oriented and
smooth manifold M. Let I'(E), I'*(E) be the same space as defined in §0.

Lemma 4. Suppose D : T(E) — I(E) is a differential operator of order m with
smooth coefficients. If D is elliptic, then the following inequality holds:

1 Dully = Cllullsrm = % l4llsem-1

where C, v, are constants such that C is independent from s(C depends only on the
highest term of D) and v, depends on s.

Of course, this is the usual Garding inequality. However, independency of C
from s is essential in this paper. Since in many books the authors do not care
about this point, a brief proof of this lemma will be given below.

Proof of Lemma 4. Let o(D) be the symbol of D. The ellipticity implies that
|o(D)§| > Col¢|™ for a positive constant C,, where £ is any element in the
cotangent bundle T3 of M. Now, the following is known (cf. [11, Lemma 3.11
and its proof, pp. 196-197]): For every s > 0, there exists 8(s) > 0, depending on
s, such that if the diameter of the support of ¢, ¢ € I(E), is less than 8(s), then

I1Dell; = (Co/DlI@llssm-
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Let {£2} be a partition of unity on M such that the diameter of the support of
£ is less than &(s), that is, 3, £> = 1 and {f,} depends on s. Let C = C,/4. By
the above inequality, we have

S IDLulf 2 C 3 faulfim

for any u € T(E). Since V'fu = f, V'u + lower terms, there is a constant K,
depending on s, such that

s+m
3 atlim = T fatfaorm =3 3 )y <V, Vi)
a 3 a M
> Nullem = Kll#llgim 1

By similar argument, we have

2 DLull; = 3 <Dfu, D u), < [|1Dulf + Kil[ulsm |4llsrmor»

for some constant K depending on s. Combining these two inequalities, we have
the desired result.

As a matter of fact, the constant C in this lemma can be so chosen that it may
satisfy Cy — ¢ < C. However, the constant y, in this case also depends on ¢ and
if ¢ > 0, then y, — oo.

Now, let J™E be the mth jet bundle of E. Then, there exists a smooth section
a of (J"E)* ® E such that D = of™. Namely, a € I(J"E)* ® E). Let k,
= [ dim M] + 1. Then, by the Sobolev embedding theorem, we have that for
any B € T ((J"E)* ® E) and § € Tk (J™E), there exist e, & (> 0) such that

max|B(x)| < ellBll,,  max|g(x)] < €7,

Therefore, for any 8 € T*((J"E)* ® E), we have

187 vlls < C{llBlls I¥lkg+m + 1Bl 1¥llsem} + K l1Blls—1 1V/ls4m-15

where s > dim M + 3, Cis a constant depending only on m and K, is a constant
depending on s. (See Lemma 13(ii) in [9] for a precise proof.)
Therefore,

1B — a)j"vll; < KB = allglltlgsm + 1B = alley 1Vlls4m)
+ K18 = alls-y 1Vllsem-1-

This inequality is related to (II”) in §1(c). So by the same method as in the
inequality stated just above Lemma 2, if || — a||;, is small enough, then

180l 2 Clivllyem = ClIB = el Wlkosm — KsllB = @lly-s [¥llgtme1»
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where s > dim M + 3 and C, C are constants which are independent from s.
So taking the Poincaré inequality into account, we have the following lemma:

Lemma 5. If ||B — al|,, is small enough, then there exists &(s, 3) > 0 such that

1B/ vlls > (C/D)Wlstm

for any v € T°*"(E), s > dim M + 3, satisfying that the diameter of the support of
v is less than &(s, B).

Obviously, if || — al|,, is small enough, then /™ is an elliptic differential
operator. By a completely parallel argument as in [15], the inequality in the above
lemma yields the following:

Corollary 2. Let B € T°(J"E)* ® E). Suppose ™ is an elliptic differential
operator. If Bj™v € T°(E) for an element v € T* (E), k; = dim M + m + 3, then
v € I**"(E).

Of course, if B € T(J™E)* ® E), then this is the well-known regularity of
solutions of elliptic differential operators.

3. Review of the smooth extension theorem and the definition of V. Before we
start to define the connection V on D, mentioned in §0, we have to establish our
notation and recall some results which will be used later. In fact the definition of
V is given by a somewhat different manner from that using & in §0. In this
section, we discuss local properties of D, and what we have to prove.

Let I'(Ty), T (T;,), D' denote the space of smooth sections of T, the space of
C! sections of T, with C! uniform topology, the group of C' diffeomorphisms of
M with C' uniform topology respectively. Then, there is a homeomorphism £ of
a bounded open neighborhood U of 0 in I''(7;,) onto an open neighborhood U
of the identity e in D'. Actually this homeomorphism £ is given by &(u)(x)
= Exp, u(x), where Exp is the exponential mapping defined by a fixed smooth
riemannian metric on M. Since D' is a topological group, there exists a bounded
open neighborhood ¥ of 0 in I''(7,,) such that §¥)? ¢ U.Put U = U N I(T),
V=V NI, U=UnTT,) and V=V N T'*(T). Since T*(T}) is
contained in [''(7;,) for any s > [ dim M] + 2 by the Sobolev embedding
theorem, the definition of U*, V* makes sense. Define a mappingn : VXV - U
by n(u,v) = £ (&(u)é(v)). Then, n has the following properties (cf. [9, Corollary
3)):

(1, 1) m can be extended to the C' -mapping of Vs*!' X V* into U°.

(0, i) Put n,(v) = n(v,u) and m, is a smooth map of V* into U* for any u € V°.

(n, iii) Put {(v,u) = (dn,)ov (the derivative of m, at 0) and § can be extended to the
C!-mapping of T (Ty) X V* into T*(Ty).
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(n, iv) There is an open neighborhood W of O in V and a continuous mapping
Vv : W N T(T,) - V* such that n(Y(x), x) = 0.

(n, v) There is a neighborhood W* of 0 in V*® and a constant K, such that
I/, 1) = n@ w)ll, < K0 = vllys w, v, 0" € WP

So these properties are regarded as local properties of 1. Actually, the group
D is defined in the following manner: Let ° be a basis of neighborhoods of 0
in I'*(Ty,). Then, (§(W N U); W € N’} is a family of open neighborhoods of the
identity e in D, and defines a new, weaker topology for D, under which D,
becomes a topological group. Dj is the completion of D, by the uniform
topology defined by this new topology.

The properties of the system {1y, Dy, s > dim M + 5} are the following (cf.
9):

(Dy, 1) Dy is a smooth Hilbert manifold.

(Dy,2) D§*' © D and the inclusion is smooth.

(Dy,3) Dy = M Dy and the original topology (C* -topology) of D, is the same
as the inverse limit topology.

(Dy, 4) The multiplication Dy X Dy — Dy, (g, h) — gh, can be extended to the
C’-mapping of D§* X D} into D).

(Dy, 5) The mapping Dy, — Dy, g — g~ !, can be extended to the C/-mapping
of D§t into D).

(D, 6) For any g € Dy, the right translation R, : Dy — D is smooth.

(Dy,7) The mapping dR : T**!1(T,) X Dy —» TD} defined by dR(v,g) = dR,v
(the derivative of R, at e) is a C'-mapping.

These are the properties which the author called ILH-Lie groups in [7] (see also
[9]). The remarkable thing here is that all of these properties are immediate
conclusions obtained by fundamental techniques in Hilbert manifolds (cf. [9],
[10]) from (n,i-v) and the fact that D, = U, W" for any open neighborhood W
of e in D.

Let V, V° be the same neighborhoods as above. Put V= {dR,V; g € Dy},
V¢={(dR,V*;g € D). Then V and V* are open neighborhoods of zero sections
of TD, and TD respectively, where TD,, T2 are tangent bundles of D, D}
respectively. Of course V and P* are right invariant. Let p be the projection of
T'D, onto D,y. Define a mapping Z : V — Dy by

@®) E@)(x) = EXP(pye) V(x)-

Then, obviously, Z(dR,v) = R, Z(v). The properties of Z are the following (cf.
Proposition 1 in [9]):

(=£,1) ZdR, = R, =.

(Z,2) Z can be extended to the smooth mapping of V* into D).

(£,3) Let V' = dR, V" for g € DY and E, be the restriction of Z to K. Then =,
is a smooth diffeomorphism of V;* onto an open neighborhood of g in D, where
throughout (Z,1-3) s is provided > dim M + 5.
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By this property of Z, the pair (%,, ;) can be regarded as a coordinate (or
smooth chart) around g € D, for every g € Dy. So consider this coordinate as
a normal coordinate at g € D, and we get the concept of right-invariant
connection on D, namely, the covariant derivative at g is the usual derivative
with respect to this coordinate (Z,, i;). Let ¥ denote the obtained right invariant
connection of D. Since = can be extended to the smooth mapping of ¥* into
5, this connection V can be extended to the smooth connection of 25 for
s > dim M + 5, namely, V is an ILH-connection in the sense of [8].

The connection V mentioned in §0 is given by using V. Namely, let 7 : I(T;,)
— F, be the projection defined in §0. Define a bundle morphism 7 : TD,
— TD, by # = dR,mndR;'. Then % is a smooth projection, because D, is a
Fréchet Lie group. So, define the connection V by

©) Qv=a¥0av+ -7V - 7.

Obviously, V satisfies the axioms of connections and is right-invariant. By this
definition, to prove that V can be extended to the smooth connection on 2% for
s > dim M + 2r + 5, it is enough to prove that 7 can be extended to the smooth
projection of T2y into itself for s > dim M + 2r + 5. Such a property of 7 has
been already proved in [10](cf. Corollary 3 in [10]).

To explain how to prove this property, we have to begin with vector bundles
over D, (cf. §2 in [9]). Let E be a finite dimensional smooth riemannian vector
bundle over M, T'(E) the space of smooth sections of E and I(E) the space of
smooth sections of the pull back g™'E of E by g € Dy. Put y(E) = U{L(E); g
€ Dy} This is a sort of vector bundle over D, if we forget about the topology.
Obviously y(T;,) = TD, (the tangent bundle of D). Denote by p the projection
of y(E) onto D,. Since g is a diffeomorphism, for every v € L(E) there is a
unique v/ € T(E) such that v(x) = v'(g(x)) and conversely v'(g(x)) is an element
of L(E) for any v € I'(E). Moreover, v(g(x)) is an element of L (E) for every
v € I,(E). Therefore y(E) is a vector bundle on which D, acts as bundle
automorphism. Denote by R} the action of g, that is, (R}u)(x) = v(g(x)).
Obviously, R% = R%R%. Recollect the definition of £: U — D,. Using this
notation, 7'(£(u)(x))v(x) denotes the parallel translation of u(x) € E along the
curve &(tu)(x), t € [0,1], in M. Of course 7'(§(u)(x))v(x) is an element of the
tangent space of M at £(u)(x). So, if we regard x as a variable, 7'(§(u)(x))v(x) is an
element of I, (E) for every v € I'(E) and u € U. Put (u,v)(x) = 7 (EW)(x))v(x),
Tew? = T(w,v). Then, 7: UXT(E) - y(E) is a bijection of UXT(E) onto
p~'§U) and 7, is a linear bijection of I'(E) onto L, (E). So 7 can be regarded
as a local trivialization of y(E).

Let

R(w,u) = mh Riyw,  T'(u,w,0) = Tigheoy REy Tey s
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where 7,z implies %y, ). Then we have

(r,1) R : T(E) X U = I'(E) can be extended to the C!'-mapping of Ts*!(E) X U’
into I'°(E) for any t > s > dim M + 5 [9, Lemma 5].

(1,2) T' : VXT(E) XV = I(E) can be extended to the C'-mapping of V'*+!
X TsH(E)y X V' into T*(E) for any t > s > dim M + 5, where V and V*, V' are
the same neighborhood as in (n, i-ii) (cf. [9, Proposition 2)).

(7, 3) There exists a mapping 7, : VXV — I'(E* ® E) which can be extended to
the smooth mapping of V° X V* into T*(E* ® E). 7, satisfies

T'(u,w,v) = 75 (u,$(u, v))R' (W, v),
where ¢ is the same mapping as in (n, iii). (Cf. Lemma 6 of [9]. T' =1y o R in
the notation of that paper.)

Especially if v is fixed in V*, then Rg, (w,u) defined by Rg,)(w,u) = T'(u, w,v)
is a smooth map of V*XT*(E) onto I'*(E) and continuous with respect to
veE V.

Since Dg**, n = dim M, is a topological group by the properties (Dy,4 — 5),
there exists an open neighborhood W of 0 in T"*3(T,,) such that {W)EW)™!
C &V™3). Put W=W n I(T,), W'=W n I'’’(T3,). Consider the disjoint
union U {§(W')g X I'*(E);g € Dy} for any fixed 1, s, where t > s > n + 5. We
define an equivalence relation ~ as follows: (§(u)g,w) ~ (§(u')g’, w’) if and only
if §(u)g =£&w)g and w = Ry, (w,u’). Since g'g™' = {w)éw)™" € &V"), this
equivalence relation makes sense. So, put

Y(B) = U{EW)g X T*(E); g € Do)/ ~ .
Then, the properties of y*°(E) are the following (cf. (y, 1-7) in [9, §2)):

(v, 1) ¥**(E) is a smooth vector bundle over D with the fibre I'*(E).

(v,2) Y*(E) C Y**(E), y***'(E) C y"*(E) (where t > s + 1) and the inclu-
sion is smooth.

(v,3) Y(E) = NY*(E), where y**(E) = v*(E).

(v,4) y**(E) is the pull back of y*(E) by the inclusion D C D}.

(v, 5) The right translation R% can be defined for g € D and is a smooth map
of y**(E) onto itself. Moreover, this is continuous with respect to g € D).

(v,6) Put R*(w,g) = Ryw for w € I'(E), g € Dy. Then, the mapping R* :
['(E) X Dy — y(E) can be extended to the C’-mapping of I'*/(E) X D} into
Y’ (E).

All of these properties (y, 1-6) are immediate conclusions obtained from (r,
1-3) by using fundamental techniques in Hilbert manifolds.

Now, let E, F be smooth finite dimensional riemannian vector bundles over M.
Consider a linear mapping A4 : I'(E) — I'(F) which can be extended to the
bounded linear map of I'*(E) into I'*""(F) for every s > n + 5 + r. Then, by
using (y, 5-6) above, the mapping A4 defined by A = R4 4R%™! is a continuous
mapping of y°(E) into y**~"(F). Obviously, 4 is right-invariant. The following
was the main theorem of [10]:
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Theorem ( smooth extension theorem). Let A be a differential operator of order r
with smooth coefficients. Then A can be extended to the smooth bundle morphism of
Y'(E) into Yy~ "(F) forany s > n+ 5 +r.

4. Reduction of Theorems A-D to Theorem B(ii).

(a) Proof of Theorem B(i). Recall definitions of ¥(7,,), ¥’ (T3), TD, and TD.
Obviously, v(Ty) = TD, and y*(Ty) = TDy. The right translation R% in (y, 5) is
equal to the derivative of R,. Consider the differential operators 4, B and the
splitting I'(T;) = F, ® F, @ H as in (%) in §0. Since H c I'(T},) and is finite
dimensional, the subbundle A defined by {dR,H;g € Dy} is a smooth distribu-
tion of Dy by virtue of the property (y, 6) in §3.

Put vy (T) = {dR,(F; ® E');g € Ix). Since F;* ® F’ is perpendicular to H
in the inner product <, >, (cf. the defining equality (3)), y{5 () is also a smooth
subbundle of y**(E) (cf. Theorem 1 and Lemma 3 in [10]). Let [] = 44* + B*B,
where A4*, B* are formal adjoint operators of 4, B respectively. Then, [] is a
smooth bundle morphism of y5(Ty) (= v (Ty)) onto y& =¥ (T,). Since [ : F’
® Ef — FF~¥ @ F5~% is isomorphic, [] is in fact a smooth bundle isomorphism.
Therefore (]! is a smooth bundle isomorphism of y**~%(T;,) onto y*(Ty).

The projection 7 : I'(T;;) — F, is given by # = (]! B*B. Since # = [[]"! B*B,
the smooth extension theorem shows that # can be extended to the smooth
projection of y°(T,) into itself. Recall the definition of V (9). This defining
equality (9) shows that V can be extended to the smooth right-invariant
connection of D for s > dim M + 2r + 5.

(b) Relation between (4) and (9). The definitions of V in §0 and §3 are somewhat
different. In this section, we discuss the relation between the defining equalities
(4) and (9).

For any v € T*!(Ty), let 7 denote the C' vector field defined by {dR,v;g
€ D). Recall the definition of ¥ in §3. It is easy to see that V,5 = V,v, where
u € T°(Ty) and V is the original connection on M by which the normal
coordinate (Zg, ) and hence ¥ is defined.

Obviously, 7v = 7 and ((1 — #)v)~ = (1 — 7)i. Therefore

Vi=aV,m) + 1 - o)V - mv)~
=7¥,m)” + (1 — 7)Y — nw)~

=qaV,mv + (1 — 1)V,(1 — 7)v = a(u,v).

Assume there is another right-invariant connection V' on 2, such that
V.5 = V,’5. In the following part of this section, V = V’ will be proved. Recall
the definition of ¢ : U — D. Define I'(7;,)-valued bilinear forms [, I'" defined
on U by

Lo(u,v) = d&' Ve dév, L (u,v) = dgg' Ve déby,
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where d£, is the derivative of £ at x and dév in the right-hand side of each
defining equality is the image by d§ of the vector field v which is defined from
v € I'(Ty) by the parallel displacement using the linear structure of I'(Ty,). v is
regarded as a vector field on U. To prove V = V', it is enough to prove [’ = I"".
Let {e,}, n=1,2,..., be a basis of [(T;). Since V, V' are right-invariant and
V,5 = V,5, we have V; ¢, = V; &,. Let é,(x) = d§;'é,. Then {é,(x)} is a basis
of I(T,) for any x € U. By the above equality, we have [ (é,(x),é,(x))
= 1'(é,(x), é,,(x)). Therefore, T, = T, for any x.

(¢) Proof of Theorem C. Since 7 : v°(Tyy) = ¥°(Tj) is smooth and the image is
closed (in fact, 7y°(Ty,) = E5), Ker 7 is a smooth subbundle of y*(7,). (This is
not difficult to prove. For a precise proof, see Lemma 3 in [10].) Obviously,
Ker # is given by (F’® H) . By the same reason,

Ef = Ker{l — 7 : ¥'(Ty) = ¥ (Tu)}

is a smooth subbundle of v*(7},).

Let ¢(f) be a C' curve in D) such that ¢(0) = e. Let vy, € T°(T3,) and v(¢) a
parallel displacement of v, along c(f), namely Vc(,) v(t) = 0 and ¥(0) = v,. Since
#V,v = Vav by definition, 7v(¢) and (1 — 7)u(f) are also parallel displacements of
avy, (1 — )y, respectively. Thus, if vy = myy (resp. vy = (1 — myy), then u(r)
= qu(f) (resp. v(r) = (1 — 7)u(r)). This is because of the uniqueness of parallel
displacements in the Hilbert manifold 2. Therefore F, and (F, @ H)~ are
parallel.

(d) Proof of Theorem D providing Theorem B(ii). For any C' vector fields @, 7
on D), the torsion tensor 7 is given by T(&,7) = V,u — V,4 — [4,5]. Since
(FF @ H)™ is parallel, if 4, 5 € (F ® H)~ then V,7 and V,# are contained in
(F°® H) .

For any w, w' € F*' @ H, define vector fields w, W' by w = {dR,w; g € Do)},
W' = {dR,w';g € Dg}. These are C' vector fields by (v, 6). It is easy to see that
[, W] = ([w,w])~ € (F¥ @ H)". Therefore, we have T(w,w) € (F ® H)”,
for any w, w € F* @ H. Since T is a tensor field in ) and Fy*' @ H is dense
in F*@® H, we have T(#,0) € (F ® H)~ for any C' vector field i, o
€ (F* ® H)™. So, the equality [4,d] = V,i — Vi — T(4,0) shows that
(F® © H)™ is involutive.

Therefore, for each s there exists the maximal integral submanifold G* through
the identity. Since (F* @ H)~ is invariant, we have G* - G° = G°. Therefore, G*
is a subgroup. So this is a topological group by the relative topology. However,
the manifold structure might be given by a stronger topology. Recall that the
Frobenius theorem shows the existence of slices of integral manifolds. So the
usual technique as in finite dimensional manifolds yields that {G*} satisfies all of
the properties of (D, 1 - 7). (Cf. Lemma 4 and (G, 1-7) in [10] for the precise
proof.) Of course G is defined by M G° with the inverse limit topology. Therefore
(‘Dy, 3) should be changed slightly.

Let Exp be the exponential mapping at e defined by V. Since (F; ® H)™ is
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parallel, Exp u € G* for any u € F’ ©® H, whenever this is defined. Thus
Exp(V* N K’ @ H) C G° (cf. the statements of Theorem B in §0). Since
exponential mapping is right-invariant, this implies that G* is totally geodesic in
-

Let Wk c Vk n F4 @ H be an open neighborhood of 0 such that Exp is a
smooth diffeomorphism of W' into an open neighborhood of e in G*'. It is easy
to see that

(Exp Wh) 0 G* o Exp(Whk N FF ® H).

Assume g € (Exp W5) N G°. Then there exists uniquely an element u € Wk
such that g = Exp u. Since g € G° C Dy, u must be contained in I'*(7;,) by
Theorem B(ii). Thus, u € W5 n F’ @ H, so that

(Exp W) 0 G° = Exp(W* ( Ff & H).

Obviously, Exp : Wk n F’ © H — (Exp W*) n G is smooth, and the de-
rivative (d Exp), at the point u is injective, because of the assumption Exp : Wk
— Gk is diffeomorphic. Suppose w is a tangent vector of G* at Exp u. There is
an element v € FX @ H such that (d Exp,)v = w. By Theorem B(ii) again, v
must be contained in I'*(7,,) and hence v € F° @ H. Thus, Exp is a diffeomor-
phism of Wk N F2 @© H onto (Exp Wk) n G°. Consequently, Exp : Wk
N F, ® H— (Exp Wki) N G gives a local coordinate of G and hence G is a
Fréchet manifold by the inverse limit topology. Therefore, G is a Fréchet Lie
group.

5. Some inequalities. As one can guess in the arguments in §3-§4, to get
inequalities of types (I), (II) or (I”) in §1 which are essential in proofs of Theorem
B(ii) or Theorem E, one has to know explicit local expressions of bundle
morphisms 4 defined by differential operators 4 : I'(E) — I'(F) with smooth
coefficients. Recollect the definitions of £ : U » Dy and 7 : U X I'(E) - y(E) in
§3. Let 7" : U X I'(F) — y(F) be the same mapping “7”, replacing E by F. By
definition, the local expressions of 4 : y(T;,) — y(F) and A : y(E) — y(F) are
Tiw AdE,v and 1 Am(u,v) respectively, where 74, v = 7"(4,v) and d§, is the
derivative of £ at u. Of course, these are only definitions and have nothing to do
with the inequalities (I), (II) or (I1”), (I1") directly. In case of E = T;,, we may use
the local trivialization 7 instead of df. However, to consider the Frobenius
theorem, we have to translate the distributions defined in D, into those on U
through the coordinate mapping £. At that time, we have to use d¢ as a local
trivilization of the tangent bundle. This is the reason why we use d¢ in the case
of E=1T,.

Let m be the order of the differential operator 4, and J™7T,,, J™E the mth jet
bundle of 7, E respectively. Let W™ be a relatively compact and open tubular
neighborhood of zero section of J™7T,,. Denote

F(w™) = {u € I(Ty); "u)(x) € W™ for every x € M}.
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This is well defined for s > [§dim M]+ m + 1 by virtue of the Sobolev
embedding theorem.

By the arguments in §4(b) in [10], we see that there exists a fibre preserving
smoath mapping ¢ (resp. ¥') of W™ into (J" Ty, )* ® F (resp. (J"E)* ® F) such
that

(10) (i AdE,v)(x) = YU W)™ v)),
(Im (i A(u, V))(x) = Y((" WG )(),

foranyu € U* N I*(W™)and v € T°(T), where s > [} dim M] + m + 1 and
U’ is the same neighborhood as in the first part of §3. In this range of s,
U’ N T*(W™) is open in I'*(7},) because of the Sobolev embedding theorem.
Explicit expressions of ¢ and iy’ are much complicated, using higher order
connections defined on jet spaces of maps. (As for the explicit expressions, see
§4(b) in [10].) However, these explicit expressions have never been used but only
the facts (10) and (11) stated above. In fact, even the main theorem of [10](smooth
extension theorem) is an immediate conclusion from these facts together with
Theorem B in [9], which was one of the main theorems of [9]. Similarly,
inequalities which will be used in this paper are given by using only these facts
together with Theorem A in [9]. Moreover in this case, we have only to use a
special case of Theorems A and B [9] as follows:

Theorem (Theorems A, B [9]). Let f be a smooth fibre preserving mapping of a
relatively compact tubular neighborhood W of zero section of a smooth finite
dimensional vector bundle E over M into a tensor bundle F* ® G of a smooth finite
dimensional vector bundle over M. Assume f can be extended to the smooth map of
W (closure of W) into F* ® G. Then the mapping ® : T(W) X I(F) — I'(G)
defined by (P(up)(x) = f(u(x))(x) can be extended to the smooth map of T*(W)
X T'*(E) into T*(G) for s > n + 5 and satisfies the inequality

12Qll, < Cllulillvll, + Dllvll, + ¥ (lull-Dlvlls—s>

where n = dim M, ky = n + 5 and u is restricted in a bounded set in T% (E). T(W)
is of course {u € T(E); u(x) € W)} and the constants C, D are independent from s
and v, is a polynomial with positive coefficients (cf. Theorem A, Theorem B in [9]).

Now back to our case; put (¥(u)v)(x) = Y((j"u)(x))(j"v)(x) and (¥ (u)v)(x)
= Y ((j"u)(x))(J"v)(x). Notice the following simple fact: There exists a constant
e, such that |||, < e, ||V, for every s(cf. Lemma 16 of [10] for the proof).

Combining this fact with Theorems A, B [9], we have the following for
s>n+m+35.

(12) I¥@l-m < Cllllsllvligrm + Dlivlls + v leell-DlVll-1
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where u is restricted in a bounded set in I'**m(T,), C, D are constants
independent from s and ¥y, is a polynomial with positive coefficients. The same
inequality holds for ¥’

Let 9y, be the partial derivative of y at p along the fibre. Then, the derivative
d¥, of ¥ at u is given by (@, u')(x) = 3 m,y.) (J™u')(x), where ¥ is regarded as
a mapping of I'(W™) into I'(J" Ty,)* ® F). Notice that p — 3, is a smooth
fibre preserving mapping of W™ into

U T)* @ U Ty)* @ F=(U"Ty ® J"T;)* @ F.

Let d¥,(u',v) denote the (partial) derivative of ¥(u)v at u with respect to the
first variable u. Then, we have

(13) (@, ,0))(x) = A muy (7 0)X), (0)(X)),
where 3y, (X, Y) is the (partial) derivative of Y(p)Y at p along the fibre.
Notice the following simple fact: Ifs > dim M + 3, then
e ® vl < Cllul oy + el 121} + et 1

Jor any u € T(E), v € I(F), where u ® v is defined by (u ® v)(x) = u(x) ® v(x),
C is a constant independent from s and v, a constant depending on s (cf. Lemma 13,
).

Combining this with the equality (13) and Theorems A, B [9]}, we have the
following inequality for s > dim M + m + 5 and u restricted in a bounded set
in T2ko+m (T, Y:

14, W, )l < LW N gtm + 11 g V153
(14 + D]l 114 kg-sm 1V lleg-4m
+ % llwll- DN =1 1]ls=15

where C, D are constants independent from s and y; is a polynomial with positive
coefficients. The same inequality holds for y/.

Let d2¥, be the second derivative of ¥ at u. d*¥,(w, «’,v) is defined by natural
manner. Then, we have

(@, (W, u,0))(x) = Y mupy (S WHX), (7 )(x), (S V)(x)),
where 92y,(X, Y, Z) is the (partial) second derivative of Y(p)Z at p along the fibre.
Since p — 82% is a smooth fibre preserving mapping of W™ into
(U Ty ® J"T,, ® J"T,)* @ F,

we have the following inequality (15) by Theorem A [9] combined with
the fact that

lu @ v ® w, < C{llulll[vlk, Wil + lulle 111wl + 2lle, 11k W15}
+ D ||lully—y [[Vlls=y Wil
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for s > dim M + 3 (cf. [9, Lemma 13]):

a2, 0w, 0, 0)llg- e < CUWIN gt [Pkt + 1% gt 12T 21k
Wt 12 g 10115}
+ D[l W kg 19 Tt 1Vl m

+ Y (#ll DW=y 18l 10 lls-1

(15)

where s > dim M + m + 5 and u is restricted in a bounded set in T%o*m(T,,).
The same inequality holds for ¥'.

Lemma 6. Suppose s > dim M + m + 5 and u, w are restricted in a bounded set
in T2%o*m(T). Then

W@+ wp = ¥l < Wl 10lkgsm + 1Wllgm 121l5}

+ E(llullys IWl-ONW 5=y l10lls-15

where C is independent from s and P, is a polynomial with positive coefficients. The
same inequality holds for ¥'.

Proof.

1
Y + W — ¥ = [ d¥up,(w,0)db.
By (14), we have

¥+ wp = ¥@ll_p < CLWIIYkgem + 1Wlkorm 111}
+ D'(Jlully + [WIDNWlkgtm 1V llg+m
+ ¥ llells-rs W=D Wl 1Vlls-15

where y; is a polynomial with positive coefficients. Since [|W|i,+m < [|Wlhiy+m
< Wil putting

E(llulls, Wlls-1) = C” llully + ve(lulls—y, [Wlls—y)»
we have the desired inequality, where C” is some constant.

6. Local expression of the connection and proof of Theorem B(ii).

(@) Local expression of V and V. In this section, s is always provided
> dim M + 2r + 5, where 2r is the order of the differential operator [] in §0.
Recall the definition of £ : U — D,. This gives a smooth chart at e and so also
£ : U’ - Dy does. For any v € I'(Ty,), let 7 denote the vector field on U defined
by parallel displacement of v using the linear structure of I'(7;,). So d&7 is a
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smooth vector field on §(U), where d§ is the derivative of £ Let d§, be the
derivative at u. For the connections V, V (cf. §3), define T, (w,v), T,(w,v) as
follows: .

(16) T, (w,0) = &' Uy, did,
(17) ru(ws U) = dg;l Vd&,w d‘fﬁ

Recollect the defining equality (9) of V. Let 7' = d¢~'#d¢ (the local expression
of ). Then, by a simple computation together with the fact

& Uy dén's = d,(ww + T, (w,7'v),

we have the following

Lemma 7.
Lwv) =aT,w,7v) + (1 — 7),(w,(1 — )W) + Q7" — )dm,(w)v,
where dm,, is the derivative of m' at u. Taking the derivative,

dr, () w,v) = 7dT,W)w,7v) + (1 — 7)dT,W)w,(1 — 7))
+ dr, (W)L, (w, 27 — 1) + 27" — DI, (w, dn, ()W)
+ 2dm, (W)dm, (W + Qn’ — Dd*a, (W', w),

where d*m, is the second derivative of m’ at u.

Let Exp, be the exponential mapping defined by the original connection on M
from which the mapping Z and hence V is defined (cf. §3). Let (d Exp,),.,
(d?Exp, ), be the first and second derivatives of Exp, at u(x). Then, by Lemma
4 in [9], we have the following fact:

I‘u (W, U)(.X) =d Expx_ ! (d2 Expx )u(x) ((d Expx )u(x) W(X), U(X)).

As a matter of course u is restricted in the following set: Let W be a relatively
compact tubular neighborhood of zero section of T;, such that Exp, : W, —» M is
a diffeomorphism of W, onto an open neighborhood of x € M for each x, where
W, is the fibre of W at x and W is its closure. Then, u is restricted in the set
Tho(W) = {u € Th(Ty); u(x) € W for every x}, where ko = [ dim M] + 1.

Let p be the projection of T;,. Define a smooth mapping y of W into
Ty ® Ty ® Ty, by

Y(X)(Y, Z) = d Exp; (d*Exp,x)x((d Exp,x)x ¥, 2).
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Then, v is a fibre preserving mapping and obviously

L (w, 0)(x) = y(u(x)(W(x), u(x).

The derivative dT, of T at u is given by

dT, (W)W, v)(x) = By (U (x))(W(x), v(x)),

where 0y, is the derivative of y at u(x) along the fibre. Obviously, the important
thing is not the explicit expression of I' but the fact that I' is defined from a
smooth fibre preserving mapping v.

By Theorems A, B [9], we have the following (cf. Corollary 4 in [9]):

Lemma 8. Let T (W) =To(W) N T°(Ty). Let u € T*(W), v, v, w € T*(T3))
for s > dim M + 5. Then
ITw V)l < Cwlllll, + 1wk, IV}
+ C?lull Wk, 10lley + BCUlull W=y 0]y,

(89

14T, @)w,)ll; < ClI N Wl 10l + 114l I 121y + 112 T 1]y 1121}

+ Dfjulls 1l Wl 121l
+ Qs(lulls— DN o=y 1wl 10l

T,2)

where C, D are constants independent from s and B, Q are polynomials with positive
coefficients. ‘

(T, 1), (T, 2) imply that the connection V satisfies (I), (II) in §1(a), putting
k=s—ky.

(b) Proof of Theorem B(ii). For the proof of Theorem B(ii) we have only to
establish some inequalities of types (I), (II) with respect to I'. Therefore taking
Lemmas 7-8 into account, we have only to estimate ||7'v|,, ||dw,(u')|, and
\d?m, (', w)||,. Let @, = d¢;'7nd§,, that is, the mapping = at w. Since 7
= 17! (B*B)™ (cf. §4(a)), we see

m, = d&; 7 1 i) (B*BY~ d§,,

where 7 is the mapping defined in the first part of §5 (originally in §3) and ]!
is defined as a mapping of vy~ (Ty) onto y§(T). So, to estimate ||, v|,, etc.,
we have to estimate |d£;'[]7' 7 vll,, etc. This is not so simple, because
ag; 0! 7w 18 defined not on I'(7;,) but on a finite codimensional subspace of
I'(Ty), which depends on u.

Now, consider 7} d§, and d¢,;'7,,. The first one is the case 4 = id in the
argument of §5. Let 7¢,,x Y be the parallel displacement of the tangent vector Y
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of M along the curve Exp tX, 0 < ¢t < 1, in M. Let p be the projection of 7,,.
Define a fibre preserving smooth mapping ¢ of Winto T} ® T, by

‘P(X )Y =d Expp_,\! TEpr Y’

where W is the same tubular neighborhood as in Lemma 8 and Exp,y implies the
exponential mapping at pX. Then, obviously, (@£, 7, v)(x) = Y(u(x))v(x).

Assume u is restricted in a bounded set in I'*9(T,,). Let I'*(W) be the same set
as in Lemma 8. Then, by the inequalities (12), (14) and (15), we have

Lemma 9. Let Y(uy be d&;'my, v or 7ihd&,v. Suppose furthermore that
ue (W), u,v,w € T°(T)). Then,

(@) ¥ @, v)oll; < Cllullsllvll, + Dllvlls + % lll-)NYlls-1
) 14, @, o)ll; < C{llw'llsllvlle + 1971l Vlls3 + Dilaells [l 121l
+ Yo(llwllg- D -y 21515
42 %, (w, ', 0)ll, < CEMWI N Nl 191y + (Wl 1241 10l + 191l 112 ey 1121153
©) + Dljull[|wllk, 12k, 1211k,

+ Yo (llells= MWl 112 5=y N0llg—1 5
where C, D are independent from s and v, is a polynomial with positive coefficients.
Notations d¥,d*¥, have the same meaning as in (12), (14), (15).

Now, let #; be a fixed element of I'(7;,). Define a mapping T 7. U - I(Ty) by
T/(u) = 7 dRyy,yt;. By the property (D,7) in §3, T/ can be extended to the
smooth mapping of U’ into I'°*(T,) forany s > dim M + 5. Lety : W — Ty, be
the smooth fibre preserving mapping defined by

YX) = tEpx t (Exp X).

Then, obviously 77 (u)(x) = Y(u(x)). Therefore, applying Theorem A [9](cf. §5) in
the case F= M X R and v = 1, we have

Lemma 10. Assumptions being as in Lemma 9, we have

(2) 1T @)l < Cllulls—y + ¥(llully-1);
(b) 14T @)ll, < Cllullllw' kg + DIl lly + Ylull-Dl ll-15
T @' v)ll, < Cllw'llsllvllg + 111k, l1Vlls} + Dl el 121k,

© ,
+ ‘Ys(“u”s—l)”u “s—l "v”s—l .
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Now, recollect the definition of F,, F, and H in (%), §0. Let H° = {dR,H; g
€ D). Then A* is a smooth right-invariant subbundle of y*(T;) for any s’ < s
(cf. (v, 6) in §3). Obviously, y**(Ty) = v& (Ty) ® H* (cf. §4(a)). Let P be the
projection of I'(Ty,) onto H. Define a bundle morphism P by dR, PdR;'. Then,
this mapping P : ¥(T,/) > H (H = (dR,H;g € 1)) can be extended to the
smooth mapping of y**(Ty) onto H’. This is because y&'(Ty) and H* are
smooth subbundles of y*(Ty). Let P} = 7} Pry,. Then P” is a mapping of
U* X T¥(T,) into ¥ (T;,).

Now let¢;,j =1, 2,..., m, be a basis of H. Then, P is given by

Pv=3 fM x), ()< (x) 5

where (, ), is the riemannian inner product of 7;,. Therefore, for any v’ € T, D,
we have

Pv

]

S f, €Y. 00benlr) Ry
=2 Juy . (@R, )X ge8) R, 1.

Notice that (dR, w)(x) = w(gx). Therefore, we have

Plo="3 [ (o), o T/ (0000 g HERCN T 1),

Since parallel displacements preserve the inner product, we have

(18) P=3 J,, <o), T w003, d (W) T )

where J(u)(x) is the Jacobian of £(u) at x.

Now, let W' be a sufficiently small tubular neighborhood of zero section of
J'Ty. Let T(W') ={v € I(T); (j'v)(x) € W'} and T*(W!') = {v € T*(T},);
(J'v)(x) € W'). This is well defined for s > ko, + 1. If we take W' very small,
then there exists a constant C such that

() max| /() < €, maxlJ@x)| < G,

o max|dT} (u)(x)] < C maxju'(x)|
max|d,(u)(x)] < C max|(/'w)(x),

© max|d? T (', v)(x)| < C max|u'(x)|maxju(x),

C

max|dJ,(u', v)(x)] < € max|(j'u')(x)|max|(j' v)(x)],
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where | | implies the length of the vector at that point with respect to some inner
products defined on T;,, J' Ty, etc.

Notice that max,|w(x)| < e, ||w|l, by the Sobolev embedding theorem and
/' wil, < €||Wlk,+1 for some constants e, , e’. Thus, combining these facts with
Lemma 10, we have

Lemma 11. Suppose u is restricted in a bounded set in T (Ty,). Then, for any v/,
v € T%(Ty) and for u € T*(W) n T*(W"),

() I1Puvlls < Cllullsllvlly + % lell-DNVll, »

P @Wll, < CllwllslIvll, + Dlfulls 11l 121k,

(b)
+ %=1 =1 1Vl »

ld? Prw, wYoll, < ClIwll, I lleg + 1wl 121l M1l
© + Dijull | Wllk, 141l NIVl
+ Y Ulell-DIWlls— 12 1=y 101l »

where C, D are independent from s and v, is a polynomial with positive coefficients.

Now, by Theorems A, B [9] in §5, for the differential operators [J, B*B, there
exists a tubular neighborhood W? of zero section of J¥T;, such that the
inequalities (12), (14), (15) hold for any u € I'*(W¥) n U* as far as u is
restricted in a bounded set of T%+2(T,,) (cf. §5).

To simplify the argument below, we put k, =dim M +2r+35, V={v
€ Tk (Ty); llvll, < 8). Then, there is & > 0 such that ¥; ¢ Uk n Th(W)
N T N ThW?¥). Put V' = ¥; N T°(Ty) for any s > k;. Since ky < ko
+ 2r < 2kg + 2r < k; and hence ||v|l, < Wlkgr2r < Wlokgs2r < IVl > all the
inequalities obtained in the above arguments hold by changing ||v|l,, |[Vll,+2- tO

"U”Iq *
Lemma 12. There exists 8 > 0 such that
ey O déuvlly—a, > Clivll, — Dllullsllvll, — Yo (llull,—)llll—y
holds for any u € Vi, v € T*(Ty).
Proof. By Lemma 4, we have
10 vlls-2- = ClIvlly = ¥sllvlle-s-

On the other hand, Lemma 6 shows
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lleh O dév — O vlls=zr < C{llullslvlle, + Noelle, llvlls}
+ Y (llullsm DNlls—y 15—y -

So, put § = C'/2C” and we get the desired inequality using the relation

”'rfzul) G dguU”:—Zr Z ”D U".\'—Zr - IITSZUI) D dguv - D v”s—Zr‘

Now, let P, P be the same projections defined between Lemma 10 and Lemma
11. Let L : I'(T;,) — I'(Ty,) be the mapping defined by Lv = [J (1 — Py + Puv.
Then, L can be extended to the isomorphism of I'*(7;,) onto I'*"¥(T,,). For
simplicity, put [, = 7o) 01 d€,, I, = 1) d€, and I]' = d&;' ,(u). Let L be the
bundle isomorphism defined by dR, LdR,-1. Let L, denote the mapping defined
by 7} Ld§,. L, is smooth with respect to u, because L : y°(T,) — v~ ¥(T;,) is.
By a simple computation, we have

Lv=0,(0-L'P,ILy+ P,lLuv.

Lemma 13. There exist § > 0, C, D and v, such that
I Luvlls—2r 2 Cllvlls — Dllullslivll, = vsClleells- )@l

forany u € Vi, v € T*(Ty).

Proof. For sufficiently small §, we may assume that there is a constant K > 0
such that

1LVl < Kllvll,> 157 oll, < Klloll,s 1Pl < Kllll,

for any u € J;. This is because all maps are smooth with respect to u € T'* (T},).
On the other hand,

NLovll—ar > N0 Vll—r — N0 &' P L 0N— g — WP L 0]ls—s-
By using Lemma 12 and inequality (12), we have

”LIIIU"J—ZI Z C"U"_‘. - D”u"s”v”h - ‘Ys(”u"s—l)”l}“s—l
= CIF PLL ||, = D |lull v,
= Yellulle- N P L vllo—y = 1P 4,0l -

By Lemma 9, we have

1 PUdull, < CUNPLL vl + D7 llull v, + ¥'s(ully—DIPL L v,y
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On the other hand, Lemma 11 shows
1P Lvll, < Cllull |14 vll, + ¥o(ll2elly—)I1 LVl -

Therefore, we have the desired inequality.

Let G, = L;'. Then, G, is smooth with respect to u. For sufficiently small §,
there is K > 0 such that ||G,v||,, < K]|v||,-,, for any u € ¥;. By Lemma 13, we
have

1G.vlls < Clivlls + D" [full 1ol -2 + ¥ lleells-DN Guvls-y -

Therefore, by induction, we have

(19) Gl < Clvlls—zr + Dl|ulls 1Vl -2 + YoClllls—DVlls=2r1 -

Let B,v = 7} (B*B)~ d§,v. Since m, = G, B, and if § is sufficiently small, then
1By, -2 < K]lvl|,, for any u € ¥;, combining (12) and (19), we have

lmavlly < Clivlly + Dllullsllvll, + YoCll#lly-)N1Bu¥lls-2r-1 -
By using (12) successively, we have

20 lmvlls < Clivlly + Dllullsllvlle, + Ys(lleells=)NVll—1 -
Lemma 14. For a sufficiently small § > 0,

AL, @ Wlls-2r < N I l10lle, + 119, Nolls} + Dilluells e [, 121l

+ Ye(llwll= DN -y 12l
4> L', Wl < CUW MW, 101, + 1001y 1L 100, + 112 N, 191, 11215}

+ Dijulll|# e, [1wll, 1]l
L (117 7 TPy 4y Pt

hold for any u € Vg, u', w,v € I'°(Iy,), where C, D are independent from s.

Proof. Since L,v =7, (1 — I;' P} L,v) + P} Iv, inequalities (12), (14), (15)
and inequalities in Lemma 9 and Lemma 11 yield a desired result by simple
computations.

Since dG, (') = — G, dL,(v')G, and

d*G,(u',w) = G,dL,()G,dL,(w)G, + G,dL,(w)G,dL, )G,
— G,d*L,(w',w)G,,

inequality (19) and Lemma 14 give the following:
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Lemma 15. For sufficiently small § > 0,

G, vlly < Cllvlly—yr + Dllull; ol -2 + ¥sUleells=N0lls= 215
4G, (||, < Clllwlls 1Vl —2r + 1194l 012}
+ Dllullg 1 lle, 121, -2 + Yo Cllelle— N8 5=y 105- 2015
142G, (', whvll; < C{IW Nl W, 11k, —2r + Natlle, Wl 101l -2
+ 119 [l W, N11l,-2}
+ Dljulls|l# ll, 1w, 121, -2
+ Y (lleally= DN =y W le—y 101l5= 21 »
hold for any u € Vi°, u', w € T°(Ty), v € T*"¥(T;,).

Now, since 7, = G, B,, one can estimate ||, v||,, ||dm, (W), ||d*7, (W', w)|, by
the similar method as above. Combining those resulting inequalities with
Lemmas 7-8, we obtain finally the following

Proposition 2. There exists § > 0 such that the following inequalities hold for
u€ W, u,v,w e I'’(Ty):

L0 0, < CUWL il + W1k, 101} + Cllull w1k, l1o]L,

(T, 1
+ E(llull=DIWlls=y 10l
4T, @) w,v)ll, < C{ Il 1wl 101k, + 19 1, W2l + 1L, 1L, NV}
(.2 + Dlfulls e[k, IWll, 11Vll,

+ Qs (lalls— Nt [l [1Wlls— 10l

where C, D are constants independent from s and B, Q, are polynomials with positive
coefficients depending on s.

These (I, 1), (', 2) imply that the connection V satisfies (I) and (II) by putting
k = s — k,. Therefore, the regularity of connection is ensured (cf. Theorem,
§1(a)). This completes the proof of Theorem B(ii).

7. Local expression of g’ and proof of Theorem E.

(a) Local expression of g°. Recall the statement of Theorem E, and a basic idea
(b). (c) in §1. To prove Theorem E, we have only to check (1), (2), (3) in (c) and
establish inequalities (1”), (I1”) for the mapping L which will be defined below.

Now, recollect the splitting (%) in §0. In a similar manner, we have the
following splitting (cf. Lemma 6 of [10]):
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INEy=F®F,® H, T(E)=F ® F ©® H, s >0,
Fi = AL(Ly), F' =AT""(Ty), F,=B*I(F), F =B*T"Y(F),
H = Ker of AA* + B*B.

Let [0 = AA* + B*B. By assumption, this is an elliptic operator. Notice that
O: F**¥ — F’ is an isomorphism for i = 1, 2 and the splitting (% %) in §0 is
given by

w=(w—A*[J ' Aw) + A* [J! Aw.

Closedness of m* = A*I**"(E) follows from ] : Ff*¥ — F is an isomorphism.

Similarly, let h = Ker{B* : I'(F) - I'(E)}, b’ = Ker{(B*I'*(F) » I'*""(E)},
= BI(E) and t° = BI**'(E). Then, f° is also closed and I'(F) has the splitting
I'(F)=1% ® £, T*(F) = b* @ £°. This is given by

u=(u— B[] B*u) + B[] B*u.

Let g and P be projections of I'(E) onto F, and H respectively. Then, these can
be extended to the projections of I'*(E) onto F° and H respectively. Since
q=AA* Q7' (1 — P), inequality (12) (or directly, the inequality just before
Lemma 5) and Lemma 4 show that there is a constant C’ independent from s
such that

liqull; < C'llu — Pull; + Dglju — Pull,_;.

However, it is easy to see that Lemma 11 holds also in this case. Therefore, there
is a constant C such that

@n lliqull, < Cllull + D;lull,-,-

Now, let k; = dim M + 2r + 5. Recall the definition of local trivialization d§,
7, 7" in the first part of §5. For simplicity we denote 7} Ad¢,, 7)) Bry,, by A4,
B, respectively.

Let W be an open neighborhood of 0 in T'*1*/(T,,) satisfying the following:

(a) Prh RY, : H — H is isomorphic for any u € W,
(b) GB. : Ef*" — % is isomorphic for any u € W,

where § is the projection of T'*'(F) onto f*. Such W exists because these
mappings are smooth with respect to (u,v), v € H or F*, and H C T(E). (Cf.
notes, between (1)~(3) and (I”), (I1"”) in §1(c).)

Since D' is a topological group, we may assume that W satisfies £~! (§(W)~!)
= W. Let W* (resp. W) denote the intersection W N I'°(Ty,) (resp. W N T(Ty)).
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Define a mapping L : W X I'(Ty,) — I'(E) by L(u,v) = qA, v, Then, we have

Lemma 16. L satisfies the conditions (1), (2), and (3) in §1(c) by putting
Ek = Ththatr(T, ), Fk = Fk+h,

Proof. The properties (1) and (2) are trivial, because of the smooth extension
theorem. We have only to show (3). Since 4 is a smooth bundle morphism of
Y (Ty) into y**""(E) and the image is closed, Theorem 2 in [10] shows that the
kernel of 4 forms a smooth subbundle of y*(T;,). So it is enough to prove that
Ker{4, : T°(Ty) » T"""(E)} = Ker{L, : T'*(Ty) - ™"} for any s > k, +r.
The direction C is trivial, so we have to prove O. Suppose there is v such that
L,v=0 but A,v 5= 0 for some u € W*. Then, A,v € F~" @ H. Since 4B, :
F’™" — 17 is injective by assumption, B, A,v = 0 implies that A,v € H. Thus,
Prim R&A,v # 0 for any w € W*, because of the assumption. Put w
= £ 1(&u)™"). Then,

P‘rfz“‘,) R?(W)A:‘ V= P‘Tgnl,) R?(w) Tf?u') Rf*(“) A Rf*(u) dﬁu V.

Since 74 R%.) 7o) R,y = id (this is ensured by using the explicit defining
equalities given in §3), the fact P4 = 0 gives a contradiction, Thus O is proved.

(b) Proof of Theorem E. By the above Lemma 16 and (b), (c) in §1, it is enough
to prove the inequalities (I”), (I1”) in §1(c). Let L, denote the mapping defined
by L,v = L(u,v). Since, S, T corresponds to g, m respectively, we have to prove
the inequality (I”) for the map Ly: m — F,. Recall that m = A*I'(E) and
Ly = Ay = A. Notice that A*I'(E) = A*F,. Therefore, using Lemma 4, we have
the following for v € m.

A4vl;-, = lAA*ull,_, = 1O ull, > Cllully, = Y lltllsr-1>
where u € F,. Since v = A*u, inequality (12) gives
”v”s < C,”u“s+r + D;”u”s-br—l'

Therefore
”AU”s—r Z C”“v”s - D/;”u”.ﬁr—l‘

However, since 4* : F¢*'~! — m*~! is isomorphic, there is K, > 0 such that
olls=y > K;|lully4,—;- Therefore, we have

a”) ILovlls-, = Cllvlly = Kilivlls—rs s 2 Ky + 1.

Inequality (I1”) is an immediate conclusion of Lemma 6 and (21). Thus, Theorem
E is proved (cf. §1(b) and (c)).

8. Proof of Theorem F. Recollect, at first, the statements of Theorems E and F
in §0. We use the same notation. Assume there exists k > k; such that G* is
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closed in Df. This assumption is not special, becausc if G is closed in D, then
one can find such G* for some k.

Notice that Df is a topological space of second category, and we see G* is also
a set of second category as a closed subset of Df. On the other hand consider
the original topology for G*. This is given in a natural manner as the maximal
integral submanifold. So, this topology may be stronger than the relative
topology for G*. Since G* is a Hilbert manifold modelled on g* (by this original
topology) and a connected topological group, hence G* is generated by any
neighborhood of the identity, G* satisfies the second countability axiom, because
gk has that property. Notice, therefore we can apply the Baire category theorem.

Namely, considering a closed neighborhood W of 0 in T*(7,,) contained in
Uk N T*(Ty), ¥(W N g*) should be closed in Df, because ¥ is a coordinate
map. Since ¥(W N g*) is a neighborhood of e in G¥ with the original topology,
the Baire category theorem shows that ¥(W N g*) should contain the identity as
an interior point of G* with the relative topology. This implies that the original
topology and the relative topology coincide under the assumption of G* being
closed in D.

The above fact implies that there exists a star-shaped neighborhood of 0 in
T'*(T;,) such that G N ¥ (W) = ¥(W N gk). This property holds for any s > &,
namely, G° N Y(W) = ¥Y(W N g°) (cf. Theorem E).

After this point, the arguments are only routine. Since G* is a topological
group, there exists an open neighbrohood V* of 0 in T*(7;,) such that
Y(Vk) = ¥(VK)1, ¥(VK)? ¢ ¥(W). Remark that these properties hold for
every s > k, that is, ¥(V* N T*(T;,)) = Y(V* N T°(Ty)~', ¥(V* N T*(Ty))?
c W(W N T*(Ty)). Define ¥ : GX Vkn m— D, by ¥(g,u) =g¥(u). Ob-
viously, this can be extended to the continuous mapping of G* X V¥ n m’® into
Y for every s > k. This is only continuous, because the group multiplication is
not differentiable (cf. Theorem E and (D, 1-7) in §3).

It is easy to see (using the star-shaped property of W) that ¥ : G* X V¥ 0 'm
— D is injective.

Assume there exists a sequence (g, 4,) € G'X V¥ N m’ such that
V(g,,u,) converges to V¥(g,u). Then, g7 'g,¥(g, u,) converges to

s

Y(u) € Y(VEN T (Ty)).

Therefore, for sufficiently large n, g 'g,¥(4,) is contained in
Y(Vk N T°(Ty)), so that g7'g, € ¥Y(W N T'*(Ty)). g'g. ¥(u,) should be ex-
pressed by ¥(y, + u,), where y, € g°, because g~'g, ¥(u,) is on a slice contain-
ing ¥(u,). Since g~'g, ¥(u,) converges to ¥(u), y, has to converge to 0 and u,
does to u. This implies that g, converges to g.

Openness of the image ¥(G* X V¥ N m®) is almost trivial.
So the final thing we have to do, is to check
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V(G X Ve A m') = ¥(Gk X VE 0 mk) N D,

the — direction is trivial. So assume g¥ (1) € D for someg € G*, u e Vknm*.
Then, there exists h € G*° (because G° is dense in G*) such that hg¥(u)
€ ¥(V*). So there is y € g* such that ¥(y + u) = hg¥(u) € Dj. Therefore,
u € I'*(Ty), and hence g € Dj. This implies ¥ € m*®, g € G°. This completes
the proof of Theorem F.

Under the assumption of G* being closed in D, Theorem E implies that
G*\Dy is a smooth Hilbert manifold for every s > k and the projection 7 is a
smooth mapping. Moreover G\D, is a smooth Fréchet manifold and the
projection 7 is also smooth.

However, Theorem F implies that ) is only a continuous principal bundle
over G°\'D;. This is because ¥ is only a continuous mapping. Probably, if we
extend the structure group to the group of diffeomorphisms of G°, then D has
a smooth fibre bundle structure over G°\Dj, but this is another kind of question.

Since ¥ : G X Vk 0 m* — D} is a C'-mapping, D, is a smooth principal
bundle over G\'D,.

Denote by [4] the equivalence class of 4. Then, by using (Dy,4-7), we have

(1) The mapping ([h),g) — [hg] is a C'-mapping of G**'\Dg*' X D into
G \Dg.

(2) For a fixed g, the right translation [h] — [hg] is a smooth mapping of
G°\'Dy onto itself, for every g € Dy.

(3) The mapping (g, [h]) — [gh] is a C'-mapping of D! X G°\D} into G*\D}.

(4) For a fixed [A] € G°\D}, the mapping g — [gh] is a smooth mapping of
Dy onto G°\Dy.

Denote [g] by g.le]. Then, obviously G° is characterized by {g € D§;
g« le] = [e]}. Taking the derivative of this and denoting it by [y[e], the Lie algebra
of G is characterized by g = {X € I'(T}); [x[e] = 0}. This simple relation will be
useful in considering the problem mentioned in the last part of the introduction.
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